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The momentum or moment map in symplectic geometry and the associated process of sym- 
plectic reduction have been studied for the last three decades or more (although as Weinstein 
has pointed out [ 1641, some of the basic ideas can be found in Sophus Lie’s book Theorie 
du Transformationsgruppen, published in 1890). In these three decades many mathematicians 
have been closely associated with the development of these concepts (see for example, among 
a huge number of other works, [46,87,100,101,109,110, 112,116,146,149]), but none more 
so than Victor Guillemin [60]-[69], to whom it is a great honour and pleasure to dedicate this 
article. 
The aim is to give a brief survey of a little of the work in the last fifteen years or so on the 
geometry of the momentum map and its applications to symplectic reductions. An underlying 
theme, originating from the fundamental papers [46,69], has been the problem of understanding 
how the geometry and topology of the symplectic reduction at a coadjoint orbit varies as the 
orbit varies, and what happens when the symplectic reduction acquires singularities. This is 
closely related to questions in algebraic geometry: how the quotient varieties which arise in 
Mumford’s geometric invariant theory [ 1291 vary with the linearisation of the group action, and 
how their singularities appear. These problems have appeared in different guises in the work of 
many symplectic and algebraic geometers (for example [3,4,6,10,26,29,34,40,46,47,62,75, 
117, 122,136, 1541) with applications including the topology of moduli spaces. 
The first section recalls the definition of momentum maps and symplectic reduction, with 
some examples. Section 2 describes the relationship of symplectic reduction with some other 
quotient constructions, in particular Mumford’s geometric invariant theory in algebraic ge- 
ometry. Section 3 introduces some crucial convexity properties of the momentum map, with 
analogies in geometric invariant theory. Lerman’s elegant technique of symplectic cutting and 
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some of its applications (including symplectic blowing up) are discussed in Section 4. In Sec- 
tion 5 we consider singular symplectic reductions. Section 6 describes a circle of ideas initiated 
by Witten on localisation formulas for intersection pairings in the cohomology rings of sym- 
plectic reductions, with applications to the quantisation conjecture of Guillemin and Sternberg 
[65] in Section 7 and to moduli spaces of bundles over Riemann surfaces in Section 8. 
Many recent developments using the theory of symplectic reduction have been omitted, both 
from lack of space and from my lack of expertise. These include the theory of stability of rel- 
ative equilibria with the energy-momentum ethod [ 114,115] and block diagonalisation [109, 
140,141,142], as well as Lagrangian reduction [99,112], semidirect product reduction theory 
[ 1131, cotangent bundle reduction [ 1091 and the role of the Hannay-Berry phase in reconstruc- 
tion (i.e., inverting reduction) [25,110,127]. All of these have had important applications in 
mechanics. Even the subjects covered in this article have been touched on only very briefly. 
In particular many relevant references have been omitted, and my apologies are due to their 
authors. My grateful thanks are offered to Mark Gotay, Jerry Marsden and the referee for their 
useful comments. 
1. The momentum map 
First let us recall the definition of a momentum map for the action of a group on a symplectic 
manifold, and the associated process of symplectic reduction. The terminology ‘momentum 
map’ will be used throughout this article for the sake of consistency with the other articles 
in this volume; the terminology ‘moment map’ is often used for the same concept. In [165] 
‘moment map’ is reserved for a different, although related, concept. 
Suppose that a Lie group K with Lie algebra k acts smoothly on a symplectic manifold X and 
preserves the symplectic form o. We shall assume throughout hat K is compact and connected, 
although this is not necessary for the definition of a momentum map. The assumption that K is 
connected involves very little loss of generality but simplifies some results. 
Let us denote the vector field on X defined by the infinitesimal action of a E k by 
x ++ a,. 
By a momentum map for the action of K on X we shall mean a smooth map 
EI.:X+k* 
which satisfies 
for all x E X, 4 E T,X and a E k. In other words if /.L, : X + R denotes the component of p 
along a E k defined for all x E X by the pairing 
h(x) = 1.4~1 . a 
between p(x) E k* and a E k, then pa is a Hamiltonian function for the vector field on X 
induced by a. In this article we shall only consider equivariant momentum maps (but see, e.g., 
Momentum maps and reduction in algebraic geometp 137 
[ 1131 for natural examples of nonequivariant momentum maps). That is, we shall assume that 
I_L : X + k* is K-equivariant with respect to the given action of K on X and the coadjoint 
action of K on k*. 
If an equivariant momentum map exists then the action of K on X is called a Hamiltonian 
action. The momentum map is then uniquely determined by the conditions above, up to the 
addition of a constant in k” fixed by the coadjoint action. If the compact group K is semisimple 
then a unique equivariant momentum map always exists; the vanishing of H1 (X; R) also ensures 
the existence of an equivariant momentum map, and necessary and sufficient conditions for 
its existence can be formulated in terms of Lie algebra cohomology [149], [ 1161, 168. 3261. 
[121. $5.21. 
It follows directly from the definition of a momentum map /.L : X --+ k* that the kernel of its 
derivative d/~(x) at a point x E X is the tangent space to the K-orbit through x. It also follows 
that < E k* is a regular value of /.L if and only if a, # 0 for all x E pP* (<) and nonzero a E k; 
in other words if and only if the stabiliser in K of every x E pm’ (<) is finite. These two facts 
imply that if p : X + k* is an equivariant momentum map and the stabiliser Kc of any C E k” 
acts freely on p”’ (5) then p”-’ (0 is a submanifold of X and the symplectic form (o induces a 
symplectic structure on the quotient pLL-‘({)/Kt [87,116,126]. With this symplectic structure 
the quotient E.L-’ (c)/K, is called the Marsden-Weinstein reduction, or symplectic quotient, at 
{ of the action of K on X. We can also consider the quotient p”-’ (<)/KS when the action of 
K, on EL-‘(<) is not free, but in this case it is likely to have singularities. 
Examples. (1) The action of the circle group S’ on the unit sphere S’ in IR3 (with its standard 
volume form) by rotation about the x-axis is Hamiltonian with a momentum map given by 
pro,jection onto the x-axis. The symplectic reduction LL-] (c)/K, isasinglepointift E [-I. 11 
and is empty otherwise. 
I 2) Consider the cotangent bundle T* Y of any n-dimensional manifold Y with its canonical 
symplectic form w which is given by the standard symplectic form 
with respect o any local coordinates (4,) . . . , qn) on Y and the induced coordinates (p, . . . . p,,) 
on its cotangent spaces. If Y is the configuration space of a classical mechanical system then T* Y 
is the phase space of the system and the coordinates p = (p, , . . . , p,,) E T: Y are traditionally 
called the momenta of the system. 
if Y is acted on by a Lie group K, the induced action on T*Y preserves w and there is a 
momentum map p : T*Y -+ k* whose components pa along a E k are given by pairing 
the momentum coordinates p with the vector fields on X induced by the infinitesimal action 
of K; that is, 
for all q E Y and p E TqY (see, e.g., [116]). When K = SO(3) acts by rotations on Y = R” 
then p is the angular momentum, or moment of momentum, about the origin. 
Now let E : T*Y -+ IR be the total energy function for a classical mechanical system with 
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phase space T* Y. The evolution of the system is described by the Hamiltonian flow of E, given 
in local coordinates (ql, . . . , qn, ~1, . . . , pn) by Hamilton’s equations 
dqj aE -=- and dPj aE -=-- 
dt apj dt 8q.i. 
If E is invariant under the action of K on T*Y induced from an action on Y as above, then the 
Hamiltonian flow of E preserves CL-’ (5) and maps K, -orbits to K, -orbits for each < E k*. The 
induced flow on the quotient CL-’ (C)/K, is just the Hamiltonian flow of the function induced 
by E, and the reduced mechanical system describes the original flow on p-l (5) modulo the 
action of K, . Euler apparently used this method to reduce the number of variables in the case 
of the motion of a rigid body. 
(3) The coadjoint orbit OK({) of any 5‘ E k* carries a natural K-invariant symplectic form 
52 (the Kostant-Kirillov symplectic form), and up to coverings these are exactly the symplectic 
manifolds on which K acts as a transitive group of symplectomorphisms [91,101,149]. Here 
52 is defined by 
for /? E OK(<) 5 k*, .$, q f k, and the inclusion of O,({) in k* is a momentum map for 
this symplectic form ([116, $4.11 or [68, 5261). This symplectic structure can be obtained from 
the canonical symplectic structure on the cotangent bundle T*K by reduction with respect to 
the action of K on itself by left multiplication [ 1161. Moreover if K is connected then any 
momentum map for a K-invariant symplectic form w on a homogeneous space K/L takes 
(K/L, o) isomorphically onto (OK({), fit) for some < E k* such that K, = L. 
Each coadjoint orbit OK(<) has a unique K-invariant Kahler structure which is compatible 
with its symplectic structure. If the orbit is integral then its Kahler form is the curvature of a 
Hermitian line bundle L on OK (5). If K is simply connected then the action of K on 0~ ({) 
lifts to an action on L and K has an induced representation on the space of holomorphic sections 
of L. The Bott-Borel-Weil theorem [3 1,9 I ] tells us that every irreducible representation of K 
arises in this way. 
(4) Delzant spaces [39,60] are compact symplectic manifolds with Hamiltonian torus actions 
which arise as symplectic reductions of C”. They are symplectic analogues of the algebro- 
geometric objects called toric varieties [5,37,134,89] (see also [ 15, Chapter VI] and the refer- 
ences therein). Each Delzant space Xh corresponds to a convex polytope A in IF* which is the 
image of its momentum map. 
We say that a convex polytope A in IF!?* is Delzant if at each vertex v of A precisely n edges 
meet, each of these edges is rational, that is, the jth edge has the form {v + tej : t E [0, co)} 
where ej E Z”*, and the vectors e1 , . . . , e, can be chosen to form a basis of Z”*. Equivalently, 
for each vertex u of A there is an n x n matrix A with integer coefficients and determinant fl 
such that the mapping from Rn* to itself defined by 
x-Ax-u 
sends a neighbourhood of v in A onto a neighbourhood of 0 in the positive orthant 
R~={XEIRfl*:Xj>O,~=lf..., n}, 
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where (XI, . . , x,) are the coordinates on IF!?* defined by the standard basis. 
We can express the polytope A as an intersection of half spaces, say 
A = A{x E II%“* : (x, ui) > Ai) (1.2) 
i=l 
where the Ui E Z’ are primitive inward pointing normals to the faces of A. Taking the elements 
of the standard basis of Zd to u ,, . . . , ud defines a map from Zd to Z?, which extends linearly 
to a map from IRd to EP and induces a quotient map 
n : Td -+ T” 
from the d-dimensional torus Td = (S1)d = Rd/Zd to the n-dimensional torus T” = (S’ )” = 
IR” ‘Z. I 
The Delzant condition implies that by choosing appropriate coordinates on Z” (and thus on 
I!%“) we may assume that there is a neighbourhood U of 0 in IR” such that 
and hence without loss of generality the first y1 normals u 1, . . , u, make up the standard basis 
of 2”. Then x is given by 
(XI, . . . 1 X(f) I-+ 
for some integers Cij for 1 
(X1 + f: Cl,jXj, . . . 3 Xn + 2 CfljXj) 
j=n+l j=n+l 
< i < n and n + 1 6 j < d. The subgroup K = ker rr of Td is 
therefore connected, since if (XI, . . . , x,) represents an element k of K, so that 
Xi + C C;jXj E Z 
j=n+l 
for I < i < ~1, then as t ranges from 0 to 1, 
(XI +t 2 CljXj, . . . , d xn + t C CnjXj7 (1 - t)Xn+lt . . 
j=n+l j=n+l 
. , (1 - t)xd) 
represents a path in K from k to the identity. 
There is a standard Hamiltonian action of Td on Cd given by 
with momentum map ~0 : Cd + Ii%‘* such that 
~O(zI> . . , zd) = ;(fz,i2, . . . , lzd12> + h 
where h E IRd* is an arbitrary constant which we choose to be h = (h,, . , iid) where 
Al,..., h,lareasat(1.2)above. 
The subgroup K = kern of Td acts on Cd, and if i : K -+ Td is the inclusion then the 
composition p = i* o po is a momentum map for this action of K. Because A is a Delzant 
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polytope, 0 is a regular value of this momentum map p. Indeed K acts freely on p-l (0), which is 
a compact subset of Cd. The symplectic reduction CL-’ (0)/K is therefore a compact symplectic 
manifold, which will be denoted by XA. There is a residual Hamiltonian action of Tn 2 Td/K 
on Xa , and the image of the induced momentum map for this action is the original polytope A. 
Delzant proved [39] that any compact symplectic manifold of dimension 2~1 with an effective 
Hamiltonian action of a torus Tn of dimension y1 is T”-equivariantly symplectomorphic to a 
unique Delzant space (the Delzant space associated to the convex polytope which is the image 
of its momentum map). 
The same construction can be used for rational convex polytopes which are not Delzant. Then 
the action of K on J.-I (0) is not in general free, and the quotient Xa is a stratified symplectic 
space rather than a symplectic manifold [ 1461. 
(5) Finally let X be a nonsingular complex projective variety embedded in complex projective 
space P,, and let K be a compact Lie group acting on X via a complex linear representation 
p : K -+ GL(n + 1; C). By an appropriate choice of coordinates on IP, we may assume that 
p maps K into the unitary group U(n + 1). Then the action of K preserves the Fubini-Study 
form w on P,, which restricts to a Kghler form on X. There is a momentum map p : X -+ k* 
defined (up to multiplication by a constant scalar factor depending on differences in convention 
on the normalisation of the Fubini-Study form) by 
k(x) . a = 
Z’p*(a)Z 
2ni IIi112 
(1.3) 
for all a E k, where i E Cn+’ - (0) is a representative vector for x E IP, and the representation 
p : K + U(n + 1) induces p* : k -+ u(n + 1) and dually p* : u(n + l)* + k*. Equivalently 
if we identify the Lie algebra u(n + 1) with its dual using the pairing a . b = - tr(ab) then 
The momentum map defined here depends on the linearisation of the action (that is, the lift 
defined by p of the action of K on IP, to the hyperplane line bundle on P,). Conversely a 
momentum map defines a lift to an appropriate line bundle of the infinitesimal action of K on 
X (see [44, $6.5.11). 
If K is the circle S’ acting on P, via the representation 
p : s’ + U(n + 1) 
where p(t) is the diagonal matrix with entries (I-‘, t, . . . , t), and if the dual of the Lie algebra 
of S’ is identified appropriately with IR then we have 
PW = 
-lxo12 + 1x1 I2 + * * - + l&l2 
Id2 + Ix1 I2 + . * * f Ix, I2 
where x has homogeneous coordinates 2 = (x0, . . . , x,). Thus x E pLL-’ (5) if and only if 
(1 + C)lxo12 = (1 - 5)(IR12 + * -- + l%12). 
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From this it is easy to see that CL-’ (5) is empty if ]< 1 > 1, that f 1 are not regular values of p, 
andthatif]<] < lthenxE~P*(<)ifandonlyifxo#Oand 
IW~“12 +. ‘. + lhJ&l12 = (1 + o/t1 - 0, 
so /np’ (0 can be identified with the sphere of radius (1 + {)/( 1 - 5‘) in C” and the quotient 
/.-‘(<)/ K, is diffeomorphic to Pn-i. 
Note that the symplectic reduction pcL-’ (<)/KC = I?‘,_, of IP, can be identified with the 
topological quotient of the dense open subset @” - (0) of P, by the action of the complexification 
C* of K = S]. 
2. Related quotient constructions and applications to moduli spaces 
In the last example we saw a symplectic reduction of a projective variety X = IP,, which 
could be identified with the quotient of a dense open subset of X by the complexified group 
action. This example is not a special case: the phenomenon occurs much more generally. 
Recall that a complex Lie group G is reductive if and only if it is the complexihcation of 
any maximal compact subgroup K (see for example 174, XVIIS]). Thus the complex general 
linear group GL(n; C) is reductive, as it is the complexification of the unitary group U(n). If a 
complex reductive group G acts linearly on a nonsingular complex projective variety X 5 P,, 
via a representation 
p: G + GL(n+ 1,C) 
then we can choose coordinates so that p restricts to a unitary representation of K, and as in 
example (4) of Q 1 we have a symplectic reduction p--‘(0)/K. But also Mumford’s geometric 
invariant theory 11291 associates to the action of G on X via p a projective ‘quotient’ variety, 
sometimes denoted by X//G, which is the projective variety associated to the subring of G- 
invariants in the coordinate ring of X. As a topological space X//G is the quotient 
of the open subset X”” of X (the set of ‘semistable’ points of X) modulo the equivalence relation 
- such that x - y if and only if the closures O,(x) and 0~ (y) of the G-orbits of x and J 
meet in X”“. It is perhaps a surprising fact (originally surmised by Mumford, Guillemin and 
Sternberg, see also [9]) that these two quotient spaces, the symplectic reduction p”-’ (O)/ K and 
the geometric invariant theoretic quotient X//G, are topologically the same animal. 
Theorem 2.1. Any x E X is semistable ifand only ifthe closure of its orbit meets pLL-’ (0), and 
the inclusion of EL-’ (0) into XS” induces a homeomorphism 
&0)/K + X//G. 
Remark. Indeed Sjamaar [143] has shown that this homeomorphism is a map of stratified 
spaces. 
A proof of Theorem 2.1 based on work of Kempf and Ness [90] can be found in [ 129, 8$2]. 
Alternative arguments which apply more generally when X is a Kahler manifold can be found 
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in [65], [71], [44, $6.5.21 and [92, 7.51. For example one can consider the gradient flow (with 
respect to the Kahler metric) of the function f : X -+ R given by 
f(x) = ll/-&N12~ 
where the norm is obtained from an invariant inner product on k, such as the Killing form. Since 
the gradient flow of f is given by 
grad f(x) = 2i&), 
which means that paths of steepest descent are contained in G-orbits ([92, Lemma 6.6]), it can 
be shown that the set Xss of semistable points coincides with the set of all points whose paths 
of steepest descent under f have limit points in the subset p-’ (0) where f attains its minimum 
value ([92, Theorem 8. lo]). 
Because of this theorem there has been a good deal of cross-fertilisation between geometric 
invariant theory and symplectic reduction, in particular in applications to the study of moduli 
spaces in algebraic and differential geometry. Indeed, the main motivation for the introduction 
of geometric invariant theory by Mumford in the 1960s was its application to the construction 
of moduli spaces in classification problems in algebraic geometry [ 129,133,138]. A typical 
classification problem in algebraic geometry, such as the classification of nonsingular complex 
projective curves up to isomorphism (or equivalently compact connected Riemann surfaces up 
to biholomorphism), can be resolved into two basic steps. The first step is to find as many 
discrete invariants as possible (in the case of nonsingular complex projective curves the only 
discrete invariant is the genus). The second step is to fix the values of all the discrete invariants 
and try to construct a ‘moduli space’; that is, a variety whose points correspond in a natural 
way to the equivalence classes of the objects to be classified. What is meant by ‘natural’ here 
can be made precise given suitable notions of families of objects parametrised by base spaces 
and of equivalence of families. A$rze mod& space is then a base space for a universal family 
of the objects to be classified (any family is equivalent o the pullback of the universal family 
along a unique morphism into the moduli space). If no universal family exists there may still 
be a coarse mod& space satisfying slightly weaker conditions, which are none the less strong 
enough to ensure that if a moduli space exists it will be unique up to canonical isomorphism. 
It is often the case that not even a coarse moduli space will exist. Typically, particularly ‘bad’ 
objects must be left out of the classification in order for a moduli space to exist. For example, 
a coarse moduli space of nonsingular complex projective curves exists (although to have a fine 
moduli space we must give the curves some extra structure such as a level structure), but if we 
want to include singular curves (often important so that we can understand how nonsingular 
curves can degenerate to singular ones) we must leave out the so-called ‘unstable curves’ to get 
a moduli space. The moduli space of stable curves of genus g is then a compactification of the 
moduli space of nonsingular projective curves of genus g. 
Example. As a simple example let us consider the moduli space of hypereliptic curves of 
genus g. By a hyperelliptic curve of genus g we mean a nonsingular complex projective curve 
C with a double cover f : C -+ P1 branched over 2g + 2 points in the complex projective 
line Pt. 
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Let S be the set of unordered sequences of 2g + 2 distinct points in IPI, which we can identify 
with an open subset of the complex projective space IF&+2 by associating to an unordered 
sequence al, . . , azg+2 of points in IF1 the coefficients of the polynomial whose roots are 
a1,...,u2g+2. Then it is not hard to construct a family X of hyperelliptic curves of genus g with 
base space S such that the curve parametrised by al, . . . , azg+2 is a double cover of IPI branched 
over al, . . . , qg+2. This family is not quite a universal family, but it does have the following 
two properties: 
(i) The hyperelliptic curves X,Y and X, parametrised by elements s and t of the base space S 
are isomorphic if and only ifs and I lie in the same orbit of the natural action of G = SL (2; C) 
on S. 
(ii) (Local universal property) Any family of hyperelliptic curves of genus g is locally equiv- 
alent to the pullback of X along a morphism to S. 
These properties (i) and (ii) imply that a (coarse) moduli space h4 exists if and only if there 
is an orbit space for the action of G on S [ 1331. Here as in [ 1331 by an orbit space we mean a 
G-invariant morphism C$ : S + M such that every other G-invariant morphism II/ : S -+ M 
factors uniquely through 4 and 4-l (m) is a single G-orbit for each m E 44. 
This sort of situation arises quite often in moduli problems, and the construction of a moduli 
space is then reduced to the construction of an orbit space. This is what Mumford’s geometric 
invariant theory attempts to provide (although it does not always succeed: see [98,88] for more 
general constructions of orbit spaces which can be used for moduli problems where geometric 
invariant theory seems not to be of use). 
Let X be a complex projective variety (that is, a subset of a complex projective space defined 
by the vanishing of homogeneous polynomial equations), and let G be a complex reductive 
group acting on X. To apply geometric invariant theory we require a linearisation of the action; 
that is, an ample line bundle L on X and a lift of the action of G to L. We lose very little 
generality by assuming that for some projective embedding X C IP, the action of G on X 
extends to an action on P, given by a representation 
p : G --+ GL(n + 1; C), 
and taking L to be the restriction to X of the hyperplane line bundle on P,. Algebraic geometry 
associates to X E IPn its homogeneous coordinate ring 
A(X) = @ H’(X, La’), 
ka0 
which is the quotient of the polynomial ring C[XO, . . . , x,J in IZ + 1 variables by its ideal generated 
by the homogeneous polynomials vanishing on X. Since the action of G on X is given by a 
representation p : G + GL(n + 1; C), we get an induced action of G on A(X) and can therefore 
consider the subring A (X)’ of A(X) consisting of the elements of A(X) left invariant by G. This 
subring A(X)’ is a graded complex algebra, and because G is reductive it is finitely generated 
[ 1291. To any finitely generated graded complex algebra we can associate a complex projective 
variety, and so we can define X//G to be the variety associated to the ring of invariants A(X)‘. 
The inclusion of A(X)’ in A(X) defines a rational map C#J from X to X//G, but because there 
may be points of X E P, where every G-invariant polynomial vanishes this map will not in 
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general be well-defined everywhere on X (that is, it will not be a morphism). 
If we define the set Xss of semistable points in X to be the set of those x E X for which there 
exists some f E A(X)G not vanishing at x, then the rational map 4 restricts to a surjective 
G-invariant morphism from the open subset XSS of X to the quotient variety X//G. However 
4 : Xss + X//G is still not in general an orbit space: when x and y are semistable points of 
X we have 4 (x) = 4(y) if and only if the closures Oc (x) and Oo(y) of the G-orbits of x 
and y meet in X”‘. We define a stable point of X to be a point x of X”’ with a neighbourhood 
in Xss such that every G-orbit meeting this neighbourhood is closed in XSs, and is of maximal 
dimension equal to the dimension of G. If U is any G-invariant open subset of the set X” of 
stable points of X, then 4 (U) is an open subset of X//G and the restriction 4 1 u : U + c$ (U) 
of 4 to U is an orbit space for the action of G on U in the sense described above. 
X$/G c X”“/ - = X//G 
open 
Example. Let us return to hyperelliptic curves of genus g. We have seen that the construction of 
a moduli space reduces to the construction of an orbit space for the action of G = SL(2; C) on 
an open subset S of PQ+~. If we identify IF&+2 with the space of unordered sequences of 2g + 2 
points in Pi, then S is the subset consisting of unordered sequences of distinct points. When the 
action of G on IF&+2 is linearised in the obvious way then an unordered sequence of 2g + 2 
points in Pi is semistable if and only if at most g + 1 of the points coincide anywhere on Pi, and 
is stable if and only if at most g of the points coincide anywhere on Pi [92, Chapter 161. Thus 
S is an open subset of P2s28+2, so an orbit space S/G exists with compactification the projective 
variety I&+2//G, or equivalently the symplectic reduction of IF&+2 by K = SU(2). 
There are other quotient constructions closely related to symplectic reduction and geometric 
invariant theory. Let X now be a compact Kahler manifold and G a complex reductive group 
acting holomorphically on X. By averaging the K%hler form we can always assume that it is 
preserved by a maximal compact subgroup K of G. If I_L : X + k* is a momentum map for the 
action of K on X then the symplectic reduction CL-’ (0)/K inherits a K5hler structure (away 
from its singular points) from that of X (see [65,71] or [92, 371). This comes down to the fact 
that if x is a smooth point of p-’ (0) then the tangent space to /.-’ (O)/ K at the orbit 0~ (x) can 
be identified in a natural way with the quotient of T, X by T, 0~ (x), because the Kahler form 
w is the imaginary part of a Hermitian metric on X whose real part is a Riemannian metric, and 
the kernel of the derivative dp(x) consists of those 6 E T,X which are orthogonal with respect 
to this Riemannian metric to ia, for all a E k. 
X is a hyperkahler manifold if it has complex structures i, j and k satisfying the quatemionic 
relations 
ij = k = -ji 
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and a Riemannian metric which is Ktihler for each of i, j and k separately. Compact examples of 
hyperktihler manifolds are not very common but include all K3 surfaces [ 191 as well as JHP/Z4” 
where E is the space of quaternions with the standard flat metric, and also the associated Hilbert 
schemes. If a compact Lie group K acts on X and the action is holomorphic with respect o each 
of the complex structures i, j and k and preserves the metric, then K acts symplectically with 
respect to each of the three corresponding Ktiler forms ~1, wz and ~3. If momentum maps p 1. 
pz and /_LLL~ : X --+ k* exist for each of these symplectic forms and we set 
/J = iPI + jpz + kp3 : X --+ k* 81 ImIH[, 
then the quotient 
has an induced hyperktihler structure away from its singularities. This is the hyperktihler quotient 
construction of Hitchin, Karlhede, Lindstrijm and RoCek [73]. There are important examples of 
hyperktihler manifolds which are moduli spaces, some being constructed using this hyperktihler 
quotient construction (see for example [ 12,42,102]). 
Quatemionic projective space P,(H) is not a hyperktihler manifold, but it is a quaternionic 
KBhler manifold in the terminology of [137] (very roughly speaking, i. j and k exist locally 
but not globally). When K acts on a quaternionic K$ihler manifold X preserving its structure, 
Galicki and Lawson [54] have defined a quaternionic K;ihler momentum map p from X to the 
tensor product of k* and the subbundle of End(TX) spanned locally by i, j and k, and have 
shown that pLL-’ (O)/ K is quaternionic Ktiler. 
3. Convexity 
Thus far we have mostly looked at symplectic reductions at 0, but we can also consider the 
symplectic reduction /.-I (c)/K, at any { E k*. From some points of view restricting to the 
case < = 0 involves essentially no loss of generality. This is because the coadjoint orbit OK (<) 
of any < E k* has a K-invariant symplectic form R for which the inclusion of O,(c) in k* is a 
momentum map (see Example (3) in Section 1). Thus the map ,ii : X x OK(<) -+ k* defined 
bY 
b(x, k.0 = P(X) - k.5 
is a momentum map for the action of K on X x OK({) with respect to the symplectic form 
(w. -R), and the inclusion of p-’ (<) x {<} in F-’ (0) induces an identification 
/--’ (c)/K< + F-‘(0)/K. 
Remark. If X is a nonsingular complex projective variety on which K acts linearly as in 
Section 2, then the reduction b-’ (O)/ K can be identified with a quotient in the sense of geometric 
invariant heory provided that there is an equivariant embedding of the orbit 0~ (5) in a projective 
space with a unitary action of K such that fi is the restriction of the Fubini-Study form. This 
happens if and only if < is a highest weight vector for an irreducible representation of K [65]. 
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in which case 11-l (<)/ K, can be expressed as a GIT (geometric invariant theory) quotient of 
X x O,(C). 
Sometimes, however, restricting to the case < = 0 does involve loss of generality. In particular 
this is the case if one wants to understand how the quotient p”-’ (<)/KS varies as 5 varies in k*. 
First of all one would like to know when p-’ (<)/KS is nonempty, or equivalently to know the 
image p(X) of p. This is described by the following convexity theorem. 
Let us fix a K-invariant inner product on k so that we can identify k* with k. Let f*+ be a 
positive Weyl chamber in the dual t* of the Lie algebra of a maximal torus T in K. If we use 
the invariant inner product to regard t* as a subspace of k*, then every coadjoint K-orbit in k* 
meets the positive Weyl chamber t; in exactly one point. Therefore as p(X) is K-invariant we 
have 
P(X) = K&(X) n t;), 
and we can identify p(X) n t: with the set of coadjoint K-orbits in h(X). 
Theorem 3.1. Let p : X + k* be a momentum map for a Hamiltonian action of a compact 
group K on a compact, connected symplectic manifold X. 
If K = T is a torus then the image p(X) of p is a convex polytope in t*. In fact p(X) is the 
convex hull of the finite set ofpoints p(XT), where XT is the set offiedpoints of the action of 
T on X. 
In general p(X) fl f; is a convexpolytope in t*. Moreover the$bres of p are connected. 
The torus case was proved (using Morse theory applied to the components of the momentum 
map) by Atiyah [6] (see also [7,8]) and independently by Guillemin and Sternberg [66]. For 
the proof of the second half see [66,93]. New proofs and generalisations have been given more 
recently, including [32,34,53,104]. A description of the vertices of p(X) fl t; in the general 
case is more complicated than in the case K = T, but one has been given by Sjamaar in [ 1451, 
together with a description of the shape of the polytope near any point in terms of infinitesimal 
data on the manifold. 
When K = T is a torus, so that p(X) is a convex polytope, it is possible to describe the way 
h-‘({)/Kg = E.L-‘(<)/T varies as 5 varies in p(X). Recall that p is constant on connected 
components of the fixed point set XT for the action of K = T on X, and so p(XT) is a finite 
set, whose convex hull is p(X) by the convexity theorem above. The convex polytope p(X) is 
a union of subpolytopes of the same dimension, each of which is the convex hull of a subset of 
the finite set p(XT) and contains no points of p(XT) in its interior. The interior of each such 
subpolytope consists of regular values of p. The boundaries (or ‘walls’) between subpolytopes 
consist of the critical values of the momentum map, and are the images under /.L of the fixed 
point sets of one-parameter subgroups of T. Duistermaat and Heckman [46] showed that as 
5 varies in the interior of any of these subpolytopes the diffeomorphism type of p-’ (<)/ T is 
constant (cf. Example (4) in 0 1) and the cohomology class of the induced symplectic form on 
p-* (c)/T varies linearly with 5 in a natural sense. One way to see this is to use the following 
standard normal form for the symplectic form and the momentum map in a neighbourhood of 
~~‘(0) in terms of the induced symplectic form wg on the symplectic reduction at 0 (see for 
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example [68, $39~$411). This normal form comes from the equivariant Darboux theorem ([ 68, 
Theorem 22.21) and its generalisation due to Weinstein ([68, Theorem 22.11). 
Theorem 3.2 (Normal Form Theorem). ZfO is a regular value of Al. then pLL-’ (0) has a neigh- 
bourhood in X which is K -equivariantly symplectomorphic to a neighbourhood of p”-’ (0) x (0) 
in IL-’ (0) x k* with the symplectic form given by 
where we choose a connection 8 for the orbifold principal K-bundle given by the quotient map 
n : p-‘(O) --+ pL-‘(0)/K, and let t be the l-form on p-‘(O) x k* dejned by xx,: = z(H) ut 
(x, z) E 11-l (0) x k*. The momentum map is then given by p(x, z) = z. 
In [46] Duistermaat and Heckman also proved the beautiful result that when K is a torus the 
pushforward by the momentum map Z_L of the symplectic measure w”/n! on X is a piecewise 
polynomial measure on t*, supported on the momentum polytope p(X) and polynomial on 
each of the open subpolytopes consisting of regular values of ZL. Equivalently if 2n is the real 
dimension of X and p0 is any component of Z.L then the integral 
s 0.7 e -irk, _ X n! 
is exactly given by its stationary phase approximation. This is a consequence of the normal form 
theorem, but can also be regarded as a consequence of a localisation theorem in equivariant 
cohomology as in Section 6 [21,10,20,15,60]. 
Guillemin and Stemberg [69] later showed that as C crosses the boundary between two sub- 
polytopes the change in diffeomorphism type in p”-’ (<)/ T can be described as a composition of 
symplectic blow-ups and blow-downs, and explained how the cohomology class of the induced 
symplectic form CI.+ on ,Y’(<)/T varies. In fact, if <_ and <+ are any points in the interi- 
ors of the two neighbouring subpolytopes, then the cohomology groups H2(~-’ ({_)/ T) and 
H2(pL-’ ({+)/ T) both map injectively into another space H2. This space H* is where Guillemin 
and Sternberg study the change in the cohomology class [oc] of the induced symplectic form; 
they show that as < moves along a straight line in t* crossing the boundary between the two 
subpolytopes transversely, then the cohomology class [oC] moves along a continuous broken 
line in H2 with a change in gradient as < crosses the wall which can be described in terms of the 
cohomology classes of the ‘exceptional divisors’ (or singular loci) of the blow-ups. Guillemin 
and Sternberg prove this by first dealing with the case when T = S’ (cf. the example below). 
They reduce the general case to this one by considering a circle subgroup of T transverse to 
the wall and a complementary subgroup H. They then use the principle of reduction by stages 
to replace reduction by T with reduction by H followed by S’. For a version for nonabelian 
groups see, e.g., [60, pp. 41-441. 
Similar questions for geometric invariant theoretic quotients were answered by Brion and 
Procesi [29], Thaddeus [154], Dolgachev and Hu [40] and others. More precisely, if X is a 
nonsingular complex projective variety acted on linearly by a complex reductive group G, then 
how do the GIT quotients X//G vary as the linearisation of the action varies? 
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The first case to consider is when the line bundle L over X is fixed, but the lift o 
of the action of G on X to an action of G on L varies. The only possible such 
replace cr by 
(g, 0 * x (s)a (gl -e) 
:GxL+L 
variation is to 
where x : G + C* is a character of G. (For symplectic reduction this corresponds to adding a 
central constant to the momentum map). In fact it is enough to consider the case in which the 
group G is the complexification @* of the circle group, when it is not hard to see that the two 
quotients are related by a sequence of complex (weighted) blow-ups and blow-downs [29,154], 
as the following example illustrates. 
Example. Let @* act linearly on IPrts via the representation 
t H diag(t3, . . . , t3, t, t-l, . . . , t-l) 
where t3 occurs r times and t-’ occurs s times. Then a point of IP,.+$ with homogeneous 
coordinates [x0, . . . , x,+,1 is semistable if and only if its first r + 1 coordinates xc, . . . , x,. are 
not all zero and its last s coordinates x,.+1, . . . , x,.+$ are not all zero, and we find that lPrfs//@* is 
the product of a weighted projective space @,. of dimension r, together with IP-i . If we multiply 
the linearisation by the character x (t) = t-* to get the representation 
t H diag(t, . . . , t, tC’, tp3, . . . , te3) 
then IPr+s//@* is the product of P,_i and a weighted projective space I?, of dimension S. If we 
multiply by x (t) = t-l to get the representation 
t H diag(t*, . . . , t*, 1, t-*, . . . , t-*) 
then semistability and stability no longer coincide and the quotient IPr+$//@* is singular. It is 
in fact a projective cone on P,_i x IP-1, and it can be identified both with @, x P,_i after 
[O : . * . : 0 : l] x IPS-i is collapsed to a point and with P,_i x @‘, after IP,_i x [ 1 : 0 : .s . : 0] is 
collapsed to a point. 
From the point of view of symplectic reduction the first linearisation corresponds to the 
momentum map 
dxo, . . .t &+sl = 
3]xo12 + . . . + 31.x-i I2 + lx,]* - Ix,+, I2 - . . . - 1x,+,1* 
1x0/* + . . . + l&+s12 
at least up to multiplication by a nonzero constant, while the second corresponds to subtracting 
2 from this momentum map to get 
1x0]* + . . . + Ix,-112 - 1x,1* - 31x,+11* - ... - 31x,+,1* 
lxo12 + . . . + I&+, I2 
The boundary wall crossed to get from the first to the second corresponds to subtracting 1 from 
the first momentum map to get 
21x01* + . . . + 21x,-i I2 - 21x,+, 12 - * * * - 2]x,+J2 
1x01* + . . . + I&+, I2 
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This gives us a singular symplectic reduction (or GIT quotient) which is the projective cone on 
IP,. 1 x P,_ 1. Blowing up the vertex of this cone gives us a PI -bundle over JP,_ 1 x Ps_ 1 which 
is simultaneously a weighted blow-up of @,. x P,\_l and a weighted blow-up of P,_, x @,. The 
rational cohomology of @,. x P,_1 and IF’,_, x @, embeds into the rational cohomology of this 
blow-up (which is where the variation in the cohomology class of the induced symplectic form 
can be studied). 
The general case when the line bundle L varies and the reductive group G is arbitrary reduces 
to this special case when L is fixed and G = @*, via a trickdue to Thaddeus 11.541. Let LO,. . ,L,,, 
be ample line bundles over the complex projective variety X, and suppose that the given G-action 
on X lifts to LO,. . ,L,. Then the induced G-action on the projective variety 
Y = P(Lo $ . . . @ L,) 
has a natural linearisation. The complex torus 
T,. = (@*)m+’ 
also acts on Y with a natural linearisation which can be modified using any character x of 
T,. Since the G-action and T,-action commute, the corresponding GIT quotient operations 
commute, and taking x to be the jth projection 
we find that (in the obvious notation) 
U’,‘,WN,,Tc = WIL,G. 
This reduces the problem to the case when the line bundle is fixed and G is a complex torus. 
and indeed to the case G = @* (since we may take m = 1 and may replace Tc = (@*)* by its 
subgroup {(t, t-l) : t c CC*)). 
The conclusion is that, very roughly speaking, the space of all possible linearisations of a 
given G-action on X is divided into a finite number of polyhedral chambers within which the 
GIT quotient is constant, and when a wall between two chambers is crossed the two quotients 
are related by a blow-up followed by a blow-down (just as in the symplectic case) 11541. 
More precisely, there are natural birational morphisms from the two quotients to the (singular) 
quotient on the wall, and there are sheaves of ideals on the two quotients whose blow-ups are 
both isomorphic to a component of the fibred product of the two quotients over the quotient on 
the wall. In fact [ 136,154], under mild conditions, the relationship between the two quotients 
is a ‘flip’ in the sense of Mori [ 1281. 
A simple application made by Thaddeus [ 1.541 of these ideas was to describe the geometry 
of the moduli spaces of hyperelliptic curves (cf. the example in Section 2). Thaddeus also used 
similar ideas in a more sophisticated way applied to moduli spaces of stable pairs (E, $), where 
E is a vector bundle over a fixed compact Riemann surface M and 4 is a nonzero section of E, 
to study moduli spaces of stable bundles over M and in particular to prove the rank two Verlinde 
formulas for the spaces of sections of certain line bundles over moduli spaces of bundles over 
M. and to determine (at least in principle) the ring structure of the cohomology rings of these 
moduli spaces [152,153]. 
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4. Symplectic cutting 
Lerman [ 1051 introduced a technique called symplectic cutting, motivated by the observation 
of Guillemin and Sternberg in [69] that the operations of symplectic blowing up (defined by 
Gromov and McDuff [5&l 18,119,120]) and symplectic reduction are intimately related. Indeed 
the symplectic reduction at any E > 0 of the Hamiltonian circle action on C” x @ such that 
t E S’ acts via 
with momentum map 
Pk w> = l17.112 - Ia*, 
is diffeomorphic to the blow-up of C” at the origin, and the restriction of the reduced symplectic 
form to the exceptional divisor is E times the standard Fubini-Study K%hler form on P,_i. 
Guillemin and Sternberg called this the blow-up of C.” at the origin by an E amount. 
Suppose now that X is any symplectic manifold having a Hamiltonian circle action with 
momentum map p : X --+ IR. Then there is an induced action of the circle S’ on X x C such 
that t E S’ acts via 
(x, w) H (tx, t%u), 
with momentum map 
If 0 is a regular value of Al. then 0 is a regular value of fi, and the symplectic reduction X+ = 
b-’ (0)/S’ of X x @ at 0 can be obtained topologically from the manifold with boundary 
by collapsing the boundary p-l (0) to its quotient p-i (0)/S’. Indeed Lerman showed that the 
natural inclusions of p-i (0, 00) (as a dense open subset) and p”-’ (0)/S’ (as its complement, a 
closed submanifold) in X+ = gi-’ (0)/S’ are smooth symplectic embeddings. 
By multiplying the standard symplectic form on C by - 1 (or alternatively reversing the circle 
action on C) Lerman defines X- which is the disjoint union of ~“-l(-oo, 0) and p-‘(0)/S’ 
(now with the opposite normal bundle). He calls the operation which produces X+ and X_ from 
X ‘symplectic cutting’. The symplectic orbifolds X+ and X- are called ‘cut-spaces.’ 
If X admits a Hamiltonian action of another compact group K which commutes with the 
action of S’ , then there are induced Hamiltonian actions on the cut-spaces X+ and X-. Suppose 
that K = T is a torus with momentum map p : X + t* and momentum polytope p(X) s t*. If 
a E t generates a circle action on X with momentum map given by the component pu, : X + IR 
of p along a and we cut X using the momentum map pLL, - 6, then the momentum polytopes of 
the cut-spaces X+ and X_ are 
p(X+) = p(X) n {( E t* : 6 .a 3 E} 
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and 
P(X_) = P(X) II {t; E t* : (- . a < t} 
In particular symplectic cuts of Delzant spaces (see Example (4) in Section 1) correspond to 
these sorts of partitions of the corresponding polytopes. 
In order to construct symplectic cuts it is not necessary to have a global Hamiltonian S’-action 
on X. It is sufficient to have a Hamiltonian S’-action defined in a neighbourhood of ~~‘(0). 
In particular if Y is a symplectic submanifold of X then a neighbourhood of Y in X can be 
identified symplectically with a neighbourhood of the zero-section in the normal bundle of Y. 
and by putting an almost-complex structure on this normal bundle and letting S’ act on it as 
scalar multiplication, we obtain a Hamiltonian S’ -action on a neighbourhood of Y in X with a 
momentum map I_I such that p-l (0) = Y. If we replace I_C by p - 6 for sufficiently small E > 0. 
then the symplectic cut X+ is the symplectic blow-up of X along Y by an E-amount. 
It is important to note that symplectic blow-ups and complex blow-ups are not the same, 
although they are closely related and the resulting manifolds are diffeomorphic. In particular, 
unlike complex blow-ups, symplectic blow-ups are not canonically defined and depend on a 
number of choices (in particular the parameter E). The exact extent to which the symplectic 
structure on a symplectic blow-up depends on these choices is still unknown (cf. [ 12 1, Chapter 
61). although any two can be joined by a family of possibly non-cohomologous symplectic 
forms, and more is known in dimension 4 using the theory of J-holomorphic curves. 
Lerman and others have used symplectic cutting in many elegant ways [63], for example to 
give new proofs (which apply in more general situations) of the convexity results described in 
[ 104, $31 and of the localisation formulas to be described in Section 6 below [ 1051. In particular 
noncompact situations can often be made compact by judiciously applied symplectic cuts. 
Symplectic cutting has also been crucial in the recent progress on the conjecture of Guillemin 
and Stemberg [65] that, roughly speaking, quantisation commutes with reduction (see Section 7) 
and related advances [1251. 
5. Singular reductions 
In $3 we considered how symplectic reductions pLL-’ (<)/Kc vary with < E k* as < varies from 
one component of the set of regular values of the momentum map p to another through singular 
values of p. However we did not consider the singular symplectic reductions themselves. 
A symplectic reduction p-‘(0)/K may be singular for two reasons: firstly 0 may not be a 
regular value of j_~ and secondly K may not act freely on ,!-I (0). As Smale observed [ 1471, the 
two problems are related because dp(x) is surjective if and only if the stabiliser K, of x in K is 
finite. By [92, Chapter 81, in the situation of geometric invariant heory when X is a nonsingular 
complex projective variety, the stabiliser K, is finite for every x E ,L-’ (0) if and only if every 
semistable point of X is stable. 
Thus when the stabiliser K, is finite for every x E pLL-’ (0), the singularities of the symplec- 
tic quotient pLL’ (0)/K (or equivalently the geometric invariant theoretic quotient X//G) are 
relatively minor: locally we have the quotient of a manifold by a finite group action (i.e., the 
symplectic quotient is an orbifold). In general the singularities may be more serious, although 
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they cannot be pathologically bad. In fact Arms, Marsden and Moncrief first showed in [4] 
that there is a K-equivariant diffeomorphism taking p-’ (0) to the zero set of a homogeneous 
quadratic function acted on linearly by K, and one has a local normal form for the momentum 
map and for the reduction CL-’ (0)/K (see [67], [68, 9§3941], [107,108,146]) even when 0 is 
not a regular value of p (cf. Theorem 3.2). 
If K = T is a torus then we can perturb the value of the momentum map from 0 to a nearby 
regular value { E t* and obtain a symplectic reduction ,c’ ({)/ T which has only orbifold 
singularities and can be thought of as simultaneously a (partial) resolution of singularities and a 
deformation of the singular reduction 1-l (O)/ T ( see Section 3). However this construction is 
not canonical (see Section 3 again), and moreover if K is not abelian then we may not be able 
to find any 5 which is simultaneously a regular value of I_L and invariant under the coadjoint 
action on k*. 
In the algebro-geometric set-up there is a fairly straightforward and canonical procedure 
[94] for resolving the (non-orbifold) singularities of the quotient X//G when X is a nonsingular 
complex projective variety acted on linearly by a complex reductive group G, as long as Xs # t?l. 
Meinrenken and Sjamaar [124] have recently shown that this procedure can be made to work 
(in a slightly less canonical fashion) for symplectic reductions, provided that dp is surjective 
somewhere on ,c’ (0). Let r be the maximal dimension of a reductive subgroup R of G fixing 
at least one semistable point of X. Then it can be shown ([94, 5.11 and 8.21) that 
{x E xss : x is fixed by a reductive subgroup R of G with dim R = Y } 
is a disjoint union of nonsingular closed subvarieties of X’“, and that if Y is the blow-up of 
X’” along this disjoint union then no reductive subgroup of G of dimension at least r fixes 
any point of Y which is semistable for a suitable linearisation of the induced G-action on Y 
([94, 6.21). There is an induced birational morphism Y//G + X//G which is an isomorphism 
over the open subset X” / G of X// G. Repeating this process at most Y times gives us a birational 
morphism 
which is a partial desingularisation of X// G in the sense that X//G has only orbifold singular- 
ities. 
The generalisation of this construction to symplectic reductions by Meinrenken and Sjamaar 
[124] requires a little more care, since symplectic blow-ups are not canonically defined (see 
Section 4), nor in this case are the centres of the blow-ups. Nonetheless Meinrenken and Sjamaar 
show that the resulting partial desingularisation is uniquely determined at least up to symplectic 
isotopy (and in particular up to diffeomorphism). 
Example. Let us again consider the moduli spaces of hyperelliptic curves and the action of 
G = SL(2) on X = F&+2. The semistable points of X fixed by reductive subgroups of 
dimension at least one are those unordered 2g + 2-tuples of points in Pi in which just two points 
of IPi occur, each with multiplicity g + 1. These are fixed by conjugates of the standard maximal 
torus of G, and form one closed G-orbit in X”“. After X”’ has been blown up along this orbit, 
the other orbits from Xss \ Xs are no longer semistable. When these together with the orbits in 
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the exceptional divisors which are contained in their closures have been removed, we are left 
with Xss, and after quotienting by the action of G we get the partial desingularisation X//G. 
Equivalently X//G is obtained from X//G by blowing up its singular point. 
There are other approaches to the problem of the existence of singularities in I_L-’ (0)/K [ 21. 
In the “geometric reduction” approach of Arms, Gotay and Jennings [3] the role of smooth 
functions on pcL-’ (0)/K is played by the restrictions to CL-’ (0) of smooth functions f‘ on X 
which are K-invariant on w-’ (0). The algebra of such functions has a natural Poisson structure. 
and when K acts freely on I_C-’ (0) it coincides with the Poisson algebra of the symplectic 
quotient p”-’ (0)/K. In fact, as Arms, Marsden and Moncrief observed in [4]. the quotient 
p”-’ (0)/K has a natural decomposition given by orbit type (i.e., by the conjugacy classes of 
stabilisers in K). Sjamaar and Lerman showed in [ 1461 (see also [ 17, IS]) that this decomposition 
is a stratification such that each stratum is a symplectic manifold (see also [35.36] for related 
results for hyperkahler and quaternionic Kahler quotients), and the Poisson bracket can be 
delined by using the Poisson brackets on the spaces of C” functions on the strata. 
Earlier Sniatycki and Weinstein [ 1481 showed that if g is the ideal in C”(X) generated by 
the components of the momentum map then the set of invariants 
is naturally a Poisson algebra. It is called the reduced Poisson algebra associated to the symplectic 
act’on of K on X, and it coincides with the Poisson algebra of the symplectic quotient pL-’ (0)/K 
when K acts freely on CL-’ (0). In general, however, it need not be the Poisson algebra of any 
symplectic manifold. See also [ 11 l] for reduction of Poisson manifolds. 
6. Residue formulas and nonabelian localisation 
The nonabelian localisation principle for symplectic reductions [ 167,80,62] was originally 
due to Witten. A more accurate but much clumsier name for the principle would be ‘not nec- 
essarily abelian localisation.’ It is called nonabelian to distinguish it from a related localisation 
principle in equivariant cohomology which only applies to torus actions. The idea of using lo- 
calisation in equivariant cohomology goes back at least to Segal’s work on equivariant K-theory 
(cf. [ 141). For the relationship with BRST theory in physics see, e.g., [79]. 
In order to study the cohomology ring of the symplectic reduction CL_ ’ (O)/ K when 0 is a 
regular value of the momentum map p, one can use equivariant cohomology. In particular it 
is shown in [92] that there is a natural surjective homomorphism from the equivariant coho- 
mology H;(X) of X to the ordinary cohomology H*(~_L-‘(0)/K) of the symplectic reduction. 
(We take cohomology with complex coefficients throughout his section). For any cohomology 
class q. E H*(p-‘(0)/K) coming from q E H;(X) via this map, the nonabelian localisa- 
tion principle enables us to calculate the evaluation n&-I (O)/ K] of ~0 on the fundamental 
class of I_L~’ (0)/K, in terms of local data on X. Equivalently it gives us a formula for the 
intersection pairing cr~~a[~~‘(O)/K] = (c@)~[pLL- (0)/K] of any two cohomology classes 
czo and ,I!$’ of complementary dimension on pLL-’ (O)/ K coming from equivariant cohomology 
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classes Q and #I on X. In principle, at least, this enables the cohomology ring of p”-’ (0)/K to 
be determined. 
The K-equivariant cohomology with complex coefficients H:(X) of X may be identified 
with the cohomology of the chain complex 
n;(X) = (S(k*) 8 Q*(X))K (6.4) 
of equivariant differential forms on X, equipped with a differential D. Here (Q*(X), d) is the 
de Rham complex of differential forms on X (with complex coefficients), and S(k*) denotes 
the algebra of polynomial functions on the Lie algebra k of K. An element r7 E 52: (X) may 
be thought of as a K-equivariant polynomial function from k to a*(X), or alternatively as a 
family of differential forms on X parametrised by 4 E k. The standard definition of degree is 
used on R*(X) and degree two is assigned to elements of k*. The differential D can be defined 
by 
(0)(@) = d(r(@)) - k#&(~)) (6.5) 
(although sometimes factors of i are introduced) where @# is the vector field x H & on X 
generated by the action of 4 E k (see [20, Chapter 7]), and l+ # denotes contraction with this 
vector field. 
In fact when X is a compact symplectic manifold with a Hamiltonian action of K, then 
EZ$ (X) is isomorphic (as a vector space, though not in general as a ring) to H*(X) @ Hz where 
Hi = fi2*,(pt) = S(k*)K is the equivariant cohomology of a point (see [92, Proposition 5.81). 
The map Q2*, (X) --+ S2> (pt) = S(k*)K given by integration over X passes to H$ (X). 
Thus for any D-closed element q E S-$(X) representing a cohomology class [r], there is a 
corresponding element 
s r E %(pt) X 
which depends only on [q]. The same is true for any D-closed formal series Cj qj of elements 
Qj in S$ (X), such as those of the form 
where q E fi2*, (X) and 
is the extension defined by the momentum map p of the symplectic form w to an equivariantly 
closed equivariant differential form on X. Here I_L : X + k* is identified in the natural way 
with a linear function on k with values in G!‘(X), and thus with an element of Qi (X). 
When r] E 52% (X) then lx q E fik (pt) is a polynomial function on the Lie algebra k. If 4 
lies in t, the Lie algebra of a chosen maximal torus T of K, then there is a formula for jx ~(4) 
(the abelian Zocalisation formula [9,20,21,22] due to Berline and Vergne, and independently 
to Atiyah and Bott) which depends only on data localised near the fixed point set XT of T in X. 
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IS.5 
where 3 indexes the components F of the fixed point set of T in X, the inclusion of F in X 
is denoted by iF and eF E H;(X) is the equivariant Euler class of the normal bundle to F in 
X. We make sense of the integral over F in the right hand side of (6.6) as a rational function 
of 4 E t by formally decomposing the normal bundle to F in X (using the splitting principle if 
necessary) as a sum of complex line bundles Vj on which T acts with nonzero weights pj E t*. 
so that 
where (‘1 (Vj) E H2(F) is the (nonequivariant) first Chem class of uj, and in particular is 
nilpotent. Thus 
-1 
can be expressed as a finite Laurent series in $ with coefficients in H*(F). 
Replacing q by the formal equivariant cohomology class ;Ile’” and noting that the momentum 
map /.L takes a constant value p(F) E t* on each F E 3, we obtain 
(6.7) 
The theorem of Duistermaat and Heckman [46] that the integral 
s -itp co” e - X n! 
is exactly given by its stationary phase approximation (see $3) is a consequence of this locali- 
sation formula. 
For simplicity we shall assume in this section that K acts freely on p-‘(O), although it is 
enough to assume that the action of K on p-‘(O) has only finite isotropy groups, or equiv- 
alently that 0 is a regular value of the momentum map p : X + k*. The cohomology 
H*(pL-’ (0)/K) of the symplectic reduction is then naturally isomorphic to the equivariant 
cohomology Hi (p-’ (0)) of p”-’ (0), and by Theorem 5.4 of [92] the inclusion of pLL-’ (0) in X 
induces a surjection on equivariant cohomology 
H;(X) + H,&-‘(O)). 
Composing we obtain a natural surjection 
@ : HI;(X) --+ H*(/.-‘(0)/K) 
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which we shall denote by 
When there is no danger of confusion we shall use the same symbol for q E Hi(X) and any 
equivariantly closed differential form in $2; (X) which represents it. 
Recall that 0 = w + p E S?;(X) is equivariantly closed, and note that as I_L is identically 
zero on p-‘(O) the induced cohomology class (&)a E H*(p-‘(0)/K) is represented by the 
symplectic form wa induced on E_L-‘(0)/K by w. 
Witten [ 1671 (see also [80,16 11) obtains a formula for the evaluation on the fundamental 
class W1(0)/Kl E fL(K’@)IK) ( or e q uivalently, if we represent cohomology classes by 
differential forms, the integral over p”-‘(0)/K) of the image naeZwo in H*(,c’(O)/K) of any 
formal equivariant cohomology class on X of the type qe’” where 17 E H;Z- (X), by considering 
the asymptotic behaviour of a certain integral. Let s be the dimension of I(, and let 11 . 11 be the 
norm induced by a fixed invariant inner product on k, used to identify k* with k. For E > 0 and 
5 E H:(X), Witten defines an integral 
where the measure [d$] on k and volume vol (K) of K are obtained from the inner product 
on k, and he expresses this integral as a sum of contributions localised around the critical set of 
the function 11 p 11 2 on X. 
Witten shows that the contribution of the subset /K’ (0) where j],!~]]~ attains its minimum is 
where 0 E H4(/.u-‘(0)/K) 2 Hi(p-‘(0)) is the image under the natural map HI; -+ 
Hi(pLL-l (0)) of the class in Hi represented by the polynomial function -]]@1]2 of C$ E k. 
When { is replaced by the formal equivariant cohomology class 
Witten estimates the contributions to the integral I’ (5) of the other components of the critical 
set of l]~(]~, and finds that they vanish exponentially fast as E -+ 0. Of course the contribution 
170e 
iw0fq-l ((J/K] 
of pLL-’ (0) is polynomial in E, and hence can be determined from the asymptotic behaviour of 
the integral I’(<) as E + 0. 
This is Witten’s version of the nonabelian localisation principle. He applies it in [167] to 
find formulas for intersection pairings on moduli spaces of bundles over Riemann surfaces, by 
representing the moduli spaces as symplectic reductions of infinite-dimensional affine spaces 
by infinite-dimensional groups (see Section 8 below) and using physical methods to evaluate the 
infinite-dimensional integrals It (+?) and analyse their asymptotic behaviour. 
Later methods used to give rigorous proofs of Witten’s version of nonabelian localisa- 
tion [80,161] (see also [ 106,135]) led to an explicit formula for the evaluation of qaeiWo in 
H*(p”-‘(0)/K) on the fundamental class [,c’(O)/K] E H,(~cL-l(0)/K), as follows. 
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Theorem 6.1 (Residue Formula). ([80, Theorem 8.11, see also [81, Theorem 3.11) Let q E 
H:(X) induce I]O E H*(p-‘(0)/K). Then 
rjoe’“‘“[p-‘(0)/K] 
= &Res n ~(4) c eiP(F)(@) l 
Y Ft3 
(6.8) 
where I W 1 is the order of the Weyl group W of K, and the measure [d4] on t and volume vol (T) 
of 7‘ are obtainedfrom the restriction of thejxed invariant innerproduct on k. Also, fl, y is the 
product qf all the (positive and negative) roots of K, and Res is a multivariable residue (defined 
in [80, Section S]), whose domain is a class of meromorphic differential forms on t @ C. 
Remarks. (i) If 0 is a regular value of p but K does not act freely on pLL-’ (0) then an extra factor 
must be introduced into the right hand side of (6.8), which is the order of the stabiliser in K of 
a generic point of j_-’ (0). 
(ii) Res is a linear map, but in order to apply it to individual terms in the residue formula some 
choices have to be made which do not affect the residue of the whole sum. Once the choices 
have been made one finds that many of the terms in the sum contribute zero, and the formula 
can be rewritten as a sum over a certain subset 3+ of the set 3 of components of the fixed point 
set XT. When the rank of K is one and t is identified with Iw we can take 
3+ = {F E 3 : PT(F) > 01, 
and for K = U( 1) we have 
(6.9) 
(see [80,84,169]) where ReqZo denotes the coefficient of l/4 when 4 E Iw has been identified 
with 2ni$ E k. When K = SU(2) we have (see [80], Corollary 8.2) 
qOei”O[pP’(0)/K] = -2RestiZo @2 c eiCc(F)(@’ 
s 
iFv(@)e’” 
FE3* ,= eF(#) 
where @ E Iw has been identified with diag(2ni, -2ni)$ E t. 
Guillemin and Kalkman [62] and Martin [ 1171 have approached the problem of finding a 
formula for 
~ow’mlK1 = S,_‘(o),K rlo 
in terms of data on X localised near XT in a slightly different way (see also [27,28] in the GIT 
case). Let FT : X -+ t* be the T-momentum map given by composing p : X + k* with the 
natural map k” + t*. As Guillemin and Kalkman observe, it follows immediately from the 
residue formula (Theorem 6.8 above) that if T acts freely on p;* (0) (just as we are assuming 
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K acts freely on v-’ (0)) then 
where r] E Hi(X) and n,, y E S(t*) = Hg are regarded as elements of H;(X) via the natural 
identification of Hi(X) with the Weyl invariant part (Hg(X))W of H;(X) and the natural 
inclusion HG + H;(X), and ~0 nY ya E H*(p;‘(O)/T) is the image of q nY y under the 
surjection H;(X) --+ H*&‘(O)/T). 
Martin [ 1171 gives a direct proof of (6.10) without appealing to the residue formula. His 
proof shows also that, provided that p-r (O)/ T is oriented appropriately, 
(6.11) 
where the product is now over only the positive roots of K. The first part of his argument is to 
consider the diagram 
The fixed invariant inner product on k splits k* T-equivariantly as the direct sum of t and 
its orthogonal complement t’. The projection of p : X -+ k* 2 k onto t’ then defines a 
T-equivariant section of the bundle X x t’ on X, which has equivariant Euler class nYCo y 
under suitable orientation conventions. Then pLL-l (O)/ T is a zero-section of the induced bundle 
p;](O) xr t’ on p;‘(O)/T, whose Euler class is nyCo ‘yo. Thus evaluating the restriction to 
p-‘(0)/T of an element of H*(&‘(O)/T) on the fundamental class [pL-‘(0)/T] gives the 
same result as multiplying by nYGo ~0 and evaluating on the fundamental class &‘(O)/T]. 
Martin now observes that since the natural map l-I : p-‘(O)/ T + p-l (0)/K is a fibration 
with fibre K/ T, and since the Euler characteristic of K/ T is the order 1 W 1 of the Weyl group 
of K which is nonzero, we have 
e(V) 
~oW1(WKl = m~*(~~WIWTI (6.12) 
where e(V) = l&,0 YO is the Euler class of the vertical subbundle of the tangent bundle to 
,t-‘(0)/T with respect to the fibration l-l. 
A little more care, using orbifolds and orbifold bundles, deals with the case when 0 is a regular 
value of Al. but K does not act freely on p-l (0). Moreover by Martin’s argument, the cohomology 
classes lIY,o YO and I&<o YO ( which of course only differ by a sign) may be represented by 
closed differential forms on p;’ (O)/ T with support in an arbitrarily small neighbourhood of 
,r’(O)/T. This means that there is in fact no need to assume that 0 is a regular value of pr; it 
is enough to have 0 a regular value of p, and indeed X itself may have singularities away from 
P-t (0). 
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This result reduces the problem of finding a formula for n&_-’ (0)/K] in terms of data on 
X localised near XT to the case when K = T is itself a torus. Guillemin and Kalkman, and 
independently Martin, then follow essentially the same line. This is to consider the change in 
for tixed q E H;(X), as { varies through the regular values of PT. This is sufficient, if X is a 
compact symplectic manifold, because the image pr (X) is bounded, so if < is far enough from 
0 then p;‘(<)/T is empty and thus ql[p;l(<)/T] = 0. 
Recall from Section 3 that the image pr (X) is a convex polytope; it is the convex hull in t* 
of the set 
of the images /_LT (F) (each a single point of t*) of the connected components F of the fixed 
point set XT. Recall also that this convex polytope is divided by codimension-one walls into 
subpolytopes, themselves convex hulls of subsets of (pT(F) : F E 3}, whose interiors consist 
entirely of regular values of PT. When < varies in the interior of one of these subpolytopes 
there is no change in I]( [& ’ (<)/ T 1, so it suffices to understand what happens as { crosses a 
codimension-one wall. 
Any such wall is the image pr (Xi) of a connected component Xt of the fixed point set of a 
circle subgroup T, of T. The quotient group T/ T, acts on Xi, which is a symplectic submanifold 
of X, and the restriction of the momentum map PT to Xi has an orthogonal decomposition 
PTIx, = PTIT, @PT, 
where pr,r, : XI -+ (t/t*)* is a momentum map for the action of T/T, on Xi and pT, : XI -+ 
t; is constant (because TI acts trivially on Xi). If <i is a regular value of ,~,r/r, then we have a 
reduced space 
Guillemin and Kalkman show that the change in qF [p;’ (c)/T] as < crosses the wall pr (Xl) 
can be expressed in the form 
@XI (r]))SI &T, (h)/(T/Tl)I 
for a suitable residue operation 
resX, : H;(X) -+ H;$‘(X,) 
where di = codimXi - 2. (When T is itself a circle, this residue operation is given by restricting 
to X ,, dividing by the equivariant Euler class of the normal bundle to Xi in X, and taking the 
ordinary residue Res+a at 0 on C). By induction on the dimension of T, this gives a method 
for calculating nr [PUT’ (<)/T] in terms of data on X localised near XT. 
Tolman and Weitsman [ 1561 have used these ideas to deduce that, as a ring, the cohomology 
of ~7’ (O)/ T is isomorphic to the quotient of H;(X) by the ideal given by 
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From this and (6.10) they obtain a similar presentation for H*(h-‘(0)/K) as a quotient of 
Q(X). 
7. Quantisation commutes with reduction 
The quantisation of a symplectic manifold X is supposed to be a Hilbert space H associated 
to X with operators on H (‘observables’) corresponding to functions on X, satisfying certain 
conditions (Dirac’s quantum conditions) coming from physics (see, e.g., [168,144]). When 
X is equipped with a Hamiltonian action of a group K, then one would expect an induced 
representation of K on H. The statement that quantisation commutes with reduction should then 
mean that the Hilbert space associated to the symplectic reduction pLL-l (0)/K is the subspace 
HK of H consisting of the vectors fixed by K (at least if K is unimodular; cf. [51]). This is 
too much to hope for in general. However for a suitable version of quantisation which applies 
in some special cases, a weak form of this statement is true, and in fact can be proved using 
nonabelian localisation (see Section 6), as Guillemin [61] was the first to observe. For more 
details see the excellent survey [ 1441. 
Let us suppose that L is a line bundle on X for which cl(L) = o, with an action of a compact 
group K on L compatible with the chosen momentum map I_L (cf. [44, 6.5.11). If K acts freely 
on p-‘(O), there is an induced line bundle La on @-l(O)/K whose first Chern class is the 
induced symplectic form wa on v-l (0)/K. More generally when the stabiliser in K of every 
x E p-r (0) is finite, ,&a is an orbifold bundle. 
Suppose also that J : TX t--+ TX is an almost complex structure on X which satisfies 
for all x E X and <, c E T,X. If for each x E pL-’ (0) the restriction to the tangent space at x to 
the K-orbit Kx of the symmetric bilinear form w, (., 1.) on T, X is nondegenerate (in particular, 
if o is a Kahler form), then J induces an almost complex structure on p-i (0)/K compatible 
with the induced symplectic form wa. 
When X is a complex manifold and ic, is a holomorphic line bundle one can define quantisa- 
tions IFC and YCo as virtual vector spaces (cf. [31]) 
3c = @(-l)jHj(X, C) 
jaa 
and 
3co = @(- 1)j Hj(/?(O)/K, Lo> 
j>O 
(7.13) 
(7.14) 
(at least modulo overall signs which reflect the differences between the symplectic and com- 
plex orientations). The space 3c is a virtual representation of K. The Riemann-Roth numbers 
RRK(L) and RR(&) are then defined by 
RRK(L) = x(-1)jdim Hj(X, L)K, 
j20 
(7.15) 
RR(&) = x(-l)j dim Hj(p-l(O)/K, LO). 
j>O 
(7.16) 
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When X is not complex one can use a spin-C Dirac operator to define R RK (L) and RR(&) 
[48,6 1, 1601. Guillemin and Stemberg [65] proved that these two Riemann-Roth numbers are 
equal if (X, w) is a Kahler manifold, K acts freely on p-t (0) and L is sufficiently positive, and 
they conjectured that this should hold more generally. 
By the shifting trick (see Section 3), this conjecture (often called the quantisation conjecture) 
applied to the product of X and a coadjoint orbit O,(h) implies that the multiplicity of any 
irreducible representation of K in the virtual representation %I is the Riemann-Roth number of 
the induced line bundle on the symplectic reduction 
of X at the highest weight vector h of the representation. 
The quantisation conjecture cannot hold in full generality: counterexamples include the 
tautological ine bundle on the complex projective line with its standard complex structure but 
minus its standard symplectic structure. However it is natural to require that the symmetric 
bilinear form defined on the fibres of the tangent bundle TX by the symplectic form and almost 
complex structure should be positive definite (i.e., should give a Riemannian metric on X). 
Under this assumption Meinrenken [ 1231 has given a proof of the quantisation conjecture using 
symplectic cuts (see also [49]), after earlier proofs had been given by Guillemin and Meinrenken 
for torus actions [61,122] using the residue formula and a combinatorial identity about counting 
lattice points in polyhedra. Subsequently Meinrenken and Sjamaar [124] extended this to the 
case when 0 is not necessarily a regular value of the momentum map 1 : X --+ k*. 
The conjecture was also proved (using nonabelian localisation) without this positivity hy- 
pothesis when K = T is abelian [82,160]. When K is not abelian positivity can be replaced by 
alternative hypotheses 1821. For more general results when X is not necessarily symplectic see 
[33]. 
When X has a K-invariant spin structure the canonical line bundle K on X has a square root 
K I/‘ with a natural action of K and it is a standard procedure in the geometric quantisation 
literature (e.g., [ 16,71,159,168]) to tensor the prequantum line bundle L with K’/~. Thus there 
is another version of the quantisation conjecture (cf. [ 1601) 
RRK(L C3 K”2) = RR&, @ K;‘2). 
This version is also known to be true when K is a torus [82,160] and under extra conditions 
when K is not abelian [82,155]. For a related result in deformation quantisation see [52]. 
8. Moduli spaces of vector bundles 
The Yang-Mills equations arose in theoretical physics as generalisations of Maxwell’s equa- 
tion\. They have become important in differential and algebraic geometry formulated over 
arbitrary compact oriented Riemannian manifolds, and in particular over compact Riemann 
surfaces and higher dimensional K%hler manifolds. The fundamental theorem of Donaldson, 
Uhlenbeck and Yau that a holomorphic bundle over a compact Kahler manifold admits an 
irreducible Hermitian Yang-Mills connection if and only if it is stable can be thought of as 
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an infinite-dimensional illustration of the link between symplectic reduction and geometric 
invariant theory. 
Let M be a compact oriented Riemannian manifold and let E be a fixed complex vector 
bundle over A4 with a Hermitian metric. Recall that a connection A on E (or equivalently on 
its frame bundle) can be defined by a covariant derivative dA : ‘2;(E) + Qg’(E), where 
G;(E) denotes the space of C03-sections of /JP T*M ~3 E (i.e., the space of p-forms on M 
with values in E). This covariant derivative satisfies the extended Leibniz rule 
dA(a A p) = @Aa) A B + (-1)‘a A dAB 
for Q E Q;(E), #I E Q&(E), and therefore is determined by its restriction dA : !2&( E) -+ 
Qh( E). The Leibniz rule implies that the difference of two connections is given by an E ~3 E*- 
valued l-form on M, and hence that the space of all connections on E is an infinite-dimensional 
affine space A based on the vector space CZ,$(E 63 E*). Similarly the space of all unitary 
connections on E (i.e., connections compatible with the Hermitian metric on E) is an infinite- 
dimensional affine space based on the space of l-forms with values in the bundle gE of skew- 
adjoint endomorphisms of E. The Leibniz rule also implies that the composition dA o dA : 
C$(E) + Q&(E) commutes with multiplication by smooth functions, and thus we have 
d,g o dA(S) = FAS 
for all Cc0 sections s of E, where FA E s2b(gE) is defined to be the curvature of the unitary 
connection A. The Yang-Mills functional on the space A of all unitary connections on E is 
defined as the L*-norm square of the curvature, given by the integral over A4 of the product 
of the function 11 FA II* and the volume form on M defined by the Riemannian metric and the 
orientation. The Yang-Mills equations are the Euler-Lagrange equations for this functional, 
given by 
dA * FA = 0 
([9, Proposition 4.61) where dA has been extended in a natural way to S22*, (gE). The gauge group 
9, that is, the group of unitary automorphisms of E, acts preserving the Yang-Mills functional 
and the Yang-Mills equations. 
If M is a complex manifold we can identify the space Jl(‘,l) of unitary connections on E 
with curvature of type (1, 1) with the space of holomorphic structures on E, by associating 
to a holomorphic structure E the unitary connection whose (0, 1)-component is given by the 
&operator defined by 1. This space .A(‘*‘) is an infinite-dimensional complex subvariety of the 
infinite-dimensional complex affine space A, acted on by the complexified gauge group 9, (the 
group of complex Coo automorphisms of E), and two holomorphic structures are isomorphic if 
and only if they lie in the same $-orbit. 
When (M, w) is a compact Kahler manifold there is a s-invariant K2hler form S2 on A defined 
by 
R(cr, B) = ---& 1, tr(a A 6) A 0F’ 
where IZ is the complex dimension of M. The Lie algebra of 9 is the space a$ (gE) of sections 
of gE, and there is a momentum map p : A -+ (fi&(gE))* for the action of 9 on A given by 
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the composition of 
16.7 
A H &‘A ~d-’ E S22,“(gE) 
with integration over M (see, e.g., [44, Proposition 6.5231). On A(‘.‘) the norm square of this mo- 
mentum map agrees up to a constant factor with the Yang-Mills functional, which is minimised 
by the Hermitian Yang-Mills connections. 
As in the finite-dimensional situation, for a suitable definition of stability the moduli space 
of stable holomorphic bundles of topological type E over M (which plays the role of the 
GIT quotient) can be identified with the moduli space of (irreducible) Hermitian Yang-Mills 
connections on E (which plays the role of the symplectic reduction). In the case of compact 
Riemann surfaces (see below) this follows as observed by Atiyah and Bott [9] from Narasimhan 
and Seshadri’s theorem [ 13 11, reproved by Donaldson [4 11. The result in general for vector 
bundles over compact Kahler manifolds was proved by Uhlenbeck and Yau [ 1571 with a different 
proof for nonsingular complex projective varieties given by Donaldson. 
Over a compact Riemann surface M the situation is relatively simple, as all connections on 
E have curvature of type (1, 1) and so the infinite-dimensional complex affine space A can be 
identified with the space (5’ of holomorphic structures on E. A momentum map for the action of 
the gauge group on J1 is given by assigning to a connection A E .A its curvature FA E @,, (gE), 
and after a suitable central constant has been added the Hermitian Yang-Mills connections are 
exactly the zeros of the momentum map. 
A holomorphic bundle 1 over a Riemann surface M is stable (respectively semistable) if 
~(3) < p(E) (respectively ~(3) 6 p(E)) f or every proper subbundle 3 of E where 
II(F) = degV)/rank(R. 
When the theory of stability of holomorphic vector bundles was first introduced, Narasimhan 
and Seshadri proved [ 13 l] that a holomorphic vector bundle over M is stable if and only if it 
arises from an irreducible representation of a certain central extension of the fundamental group 
nl (M). Atiyah and Bott [9] translated this in terms of connections to show that a holomorphic 
vector bundle over M is stable if and only if it admits a unitary connection with constant central 
curvature. They deduced from this the existence of a homeomorphism between the moduli space 
?Vl(n, d) of stable bundles of rank n and degree d over M and the moduli space of irreducible 
connections with constant central curvature on a fixed Coo bundle E of rank II and degree d 
over M. 
In their fundamental paper [9], Atiyah and Bott used equivariant Morse theory applied to 
the Yang-Mills functional to obtain inductive formulas for the Betti numbers of the moduli 
spaces niz(n, d) when n and d are coprime (which is when 0 is a regular value of the momentum 
map). These formulas had been obtained earlier by Harder and Narasimhan [70] using the 
Weil conjectures in number theory. Atiyah and Bott showed that the same formulas hold for 
cohomology with coefficients in the field Z, for any prime p, so the cohomology of the moduli 
space has no torsion. They also found generators for the cohomology ring, which are all Chem 
classes or Ktinneth components of Chem classes of universal bundles. The moduli space ?vl(n, d) 
fibres over the Jacobian of M via the determinant map, and the fibration is cohomologically 
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trivial ([9, $91). The fibres are moduli spaces MA@, d) of bundles with fixed determinant line 
bundles over M, and the methods of [9] apply also to these moduli spaces. 
The fixed determinant moduli space MA (n, d) can also be exhibited as the symplectic quotient 
of a finite dimensional symplectic space M (an ‘extended moduli space’ [76,77,78]) by the 
Hamiltonian action of the finite dimensional group K = SU(n). One characterisation of the 
space M is that it is the symplectic reduction of the infinite dimensional affine space A by 
the action of the bused gauge group 90 (which is the kernel of the evaluation map 9 + 
K at a prescribed basepoint: see [76]). If a compact group G containing a closed normal 
subgroup H acts in a Hamiltonian fashion on a symplectic manifold Y, then the space pG1 (0)/H 
has an induced Hamiltonian action of the quotient group G/H with momentum map PC/H : 
,LL;I(O)/H --+ (g/h)*, and &‘(O)/G is naturally identified as a symplectic manifold with 
&:H (O)/(G/H). (This is called reduction by stages; cf. [113] for reduction by stages when 
G may be noncompact and reduction takes place at nonzero { E g*). Similarly the extended 
moduli space M has a Hamiltonian action of s/90 E K, and the symplectic reduction with 
respect to this action is identified with the symplectic reduction MA (n, d) of A with respect to 
the full gauge group 5. 
The extended moduli space M can also be described much more explicitly as 
M = ((hl, .. . . h2g, a) E K2g X k : s_I[h2j-l, h2j] = cexp(cr)), 
j=l 
where c E K = SU (n) is the scalar multiple of the identity matrix by the nth root of unity 
e2ni’n. In this description the action of K is induced by conjugation, and the momentum map 
is given by projection onto k 2 k”. 
By Poincare duality, knowledge of the intersection pairings between products of the genera- 
tors of the cohomology ring H*(M*(n, d)) (or equivalently knowledge of the evaluation on the 
fundamental class of products of the generators) completely determines the structure of the co- 
homology ring. In 199 1 Donaldson [43] and Thaddeus [ 1521 gave formulas for the intersection 
pairings between products of these generators in H*(M(2, 1)) (in terms of Bernoulli num- 
bers). Using methods from physics, Witten [ 1671 obtained formulas for generating functions 
from which could be extracted the intersection pairings between products of these generators in 
H*(Jvl~(n, d)) for general rank II, generalising formulas he had already obtained [ 1661 (with 
rigorous proofs) for the symplectic volumes of the moduli spaces Ma(n, d). For example, the 
symplectic volume of M(2, 1) is given by 
exp(w0)[JW, 111 = 1 - ( (8.17) 
where 00 is the induced symplectic form, g is the genus of the Riemann surface, c is the 
Riemann zeta function and BQ_~ is a Bernoulli number (see [166,152,43]). To obtain his 
generating functionals, Witten formally applied his version of nonabelian localisation (see $6) 
to the action of the gauge group on the infinite dimensional space A. 
It is also possible to derive Witten’s formulas by applying nonabelian localisation to the 
(finite-dimensional) extended moduli space M [81]. Unfortunately technical difficulties arise, 
because M is both singular and noncompact. The singularities can be dealt with without too 
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much difficulty because A4 is embedded naturally and equivariantly in a nonsingular space, and 
integrals over M can be rewritten as integrals over this nonsingular space. The noncompactness 
of M creates more serious problems, the most obvious being that there are infinitely many 
components F of the fixed point set MT. These components, however, are easy to identify 
(roughly speaking they correspond to bundles which are direct sums of line bundles), and 
there are obvious candidates for the equivariant Euler classes of their normal bundles, if the 
singularities of M are ignored. When n = 2, for example, a naive application of the residue 
formula in $6, with some sleight of hand, gives us 
cc ,-(2j+l)X 
exp(wtXW, I>1 = Resx,o c j=. 2” _ 2x2”+ 
e 
-X 
= Resx,o 2R-2X&-“( 1 _ e-2x) 
1 
= Resx,u 
2”-’ X2”-2sinh(X). 
(8.18) 
This agrees with (8.17), but it is far from obvious how to justify the calculation since the infinite 
sum does not converge in a neighbourhood of 0, where the residue is taken, and indeed the sum 
of the residues at 0 of the individual terms in the sum does not converge. 
If the approach of Martin [ 1171 and Guillemin and Kalkman [62] to nonabelian localisation 
is used (see Section 6), then these difficulties can be overcome [81]. Recall that Martin showed 
that the evaluation n&-‘(0)/K] is also equal to an evaluation on the fundamental class of 
00)/T = (P-‘(t) r- &O))/T 
where @r is the momentum map for the action of the maximal torus T of K given by projecting 
p onto t*. For the extended moduli space M the space pP’ (t) inherits a periodicity from that 
of the exponential map which makes it possible to avoid working with infinite sums except 
in a trivial way. Instead the desired formulas follow from relating evaluations of cohomology 
classes on the fundamental class of (p-‘(t) n p;’ (<))/ T for different values of < in two ways: 
using the periodicity and using Guillemin and Kalkman’s arguments (see Section 6), which can 
be made to work in spite of the noncompactness of M. 
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